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Abstract
Based on a unied analyses of KASCADE, AKENO, EAS-TOP and ANI EAS size spectra,
the approximations of energy spectra of dierent primary nuclei have been found. Calculations
were carried out using SIBYLL and QGSJET interaction models in 0.1-100 PeV primary energy
range. The results point to existence of both rigidity-dependent steepening energy spectra at
R ’ 200 − 400 TV and an additional proton (neutron) component with dierential energy
spectrum (6:1 0:7)  10−11(E=Ek)−1:5 (m2ssrTeV)−1 before the knee Ek = 2030 130 TeV
and with power index γ2 = −3:1 0:05 after the knee.
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W(E0; A; Ne ; ; t)dE0 (1)
where E0; A;  are energy, nucleon number (1-59) and zenith angle of primary nuclei, Ee - is an
energy threshold of detected EAS electrons, Ne (E > Ee) is the estimation value of EAS size
obtained by the electron lateral distribution function. Here, by the EAS size (Ne(E > 0)) we
mean the total number of EAS electrons at given observation level (t). The kern (W) of integral












where @Ω=@Ne is the EAS size spectrum at observation level (t) for given E0; A;  parameters of a
primary nucleus and depends on A−AAir interaction model;  = cos 1 − cos 2;
P  P (Ne; E0; A; ) = 1
X  Y
Z Z
D(Ne; E0; A; ; x; y)dxdy
is a probability to detect an EAS by scintillation array at EAS core coordinates jxj < X , jyj < Y
and to obtain estimations of EAS parameters (Ne , s - shower age, x
; y - shower core location)
with given accuracies; @Ψ=@Ne - is a distribution of Ne (Ne; s; x; y) for given EAS size (Ne).
One may achieve of signicant simplication of equation (1) provided the following conditions
during experiments:
a) selection of EAS cores in the range where P  1,
b) the guaranteed log-Gaussian form (@Ψ=@Ne ) for the measuring error with an average value
ln(Ne  ) and RMS N , where  involves all transfer factors (an energy threshold of detected EAS
electrons, γ and  contributions) and slightly depends on E0 and A,




’ @I(Ee; ; t)
@Ne
;
where  = (γe−1) expf(γe − 1)22N=2g and γe is the EAS size power index,
d) consideration of either all-particle primary energy spectrum @==@E0 with eective nucleus
Aeff (E0) or energy spectra of primary nuclei gathered in a limited number groups (max) as
unknown functions.
Conditions (a-d) make EAS data from dierent experiments more comparable and equation (1)





















@Ω(E0; A; ; t)
@Ne
dE0 (3)
Evidently, the EAS inverse problem i.e. determination of primary composition and energy spectra
by measuring EAS size spectra and the solution of integral equations (1-3) in general is a typical
incorrect problem. However, using the a priori information about energy spectra of primary nuclei
(@=A=@E0) and EAS size spectra @I=@Ne  fi;j(Ne;i; j ; t) measured in i = 1; : : : ; m size intervals
and j = 1; : : : ; n zenith angular intervals, one may transform the inverse problem into the 2-
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equations (1-3) and f ; F - are corresponding uncertainties (RMS) of measured (fi;j) and expected
(Fi;j) size spectra. One may also unify the data of dierent experiments applying minimization















where the index k = 1; : : : ; l determines observation levels (t) of experiments. Expression (5) oers
an advantage for experiments where the values of methodical shift () and measuring error (N )
are unknown or are known with insucient accuracy.
Energy spectra of primary nuclei are preferable to determine in the following generalized form
@=A
@E0







Unknown spectral parameters in approximation (6) are , Eknee(A) (so called "knee" of energy
spectrum of A nucleus), γ1 and γ2 (spectral asymptotic slopes before and after "knee" correspond-
ingly),  (sharpness parameter of knee, 1    10). The values of A and γ1(A) parameters are
known from approximations of balloon and satellite data [1] at A  1; 4; : : : ; 59 and E0 ’ 1 − 103
TeV. Parameter  ’ 1 determines the normalization of spectra (6) in 102− 105 TeV energy range.
Thus, minimizing 2- functions (4,5) on the basis of measured values of @I(i;k)=@Nej;k and corre-
sponding expected EAS size spectra (2,3) at given m zenith angular intervals, n EAS size intervals
and l experiments one may determine the parameters of the primary spectrum (6). Evidently,
the accuracies of solutions for spectral parameters strongly depend on the number of measured
intervals (m  n  l), statistical errors and correctness of @Ω(E0; A; ; t)=@Ne determination in a
framework of a given interaction model.
Here, the parametric solutions of the EAS inverse problem are obtained on a basis of KAS-
CADE [2] (t =1020 g/cm2), AKENO [3] (910 g/cm2), EAS-TOP [4] (810 g/cm2) and ANI [5]
(700 g/cm2) published EAS data. The dierential EAS size spectra @Ω(E0; A; ; t)=@Ne for given
E0  0:032; 0:1; : : : ; 100 PeV, A  1; 4; 12; 16; 28; 56, t  0:5; 0:6; : : : ; 1 Kg/cm2, cos   0:8; 0:9; 1
were calculated using CORSIKA562(NKG) [6] EAS simulation code at QGSJET [7] and SIBYLL
[8] interaction models. Intermediate values are calculated using 4-dimensional log-linear interpo-
lations. Estimations of errors of @Ω=@Ne size spectra did not exceed 3− 5%.
Basic results of minimizations (4,5) at a given number () of unknown spectral parameters and cor-
responding values of 2=q (or 2U=qu for unied data), where q = mn−−1 (qu =
P
k mn−−1),
are presented in Tables 1-4. The upper (lower) rows of each experiment in Tables 1 and 4 cor-
respond to parameters obtained by the QGSJET (SIBYLL) interaction model. Table 1 contains
approximation values of spectral parameters at approach
Eknee(A) = R  Z (7)
where Z is a nuclear charge and R is a parameter of magnetic rigidity (or a critical energy).
The results of expected EAS size spectra in comparison with corresponding experimental data are
shown in Fig. 1 (the thin solid lines by QGSJET model, the thin dashed lines by SIBYLL model).
Obtained slopes (γ2  3:35) of primary energy spectra after knee (Table 1) agree with the same
calculations [9] performed by QGS model and exceed well known expected values (3 − 3:1) in the
 1017 eV energy range [1]. Moreover, in spite of satisfactory agreements (2  1) most of pre-
sented EAS data with predictions by QGSJET model, the behavior of EAS size spectra before and
in the vicinity of knee (approximately as a cubic function in Fig. 1) contrasts with corresponding
behavior of expected spectra (approximately as a quadratic function in Fig. 1).
In Table 2 the values of spectral parameters Eknee(A) obtained from minimization 2U (expres-
sion 5) for 5 groups of primary nuclei ((H), (He,Li), (Be-Na), (Mg-Cl), (Ar-Ni)) at given values of
γ2 = 3:1 and  = 4:0 are presented. It is seen, that approach (7) is performed only for nuclei with
A > 1 at corresponding R ’ 400 TeV.
In Table 3 the spectral parameters of all-particle energy spectrum (@==@E0) obtained by mini-
mization 2U (expressions 2,5,6) of unied EAS size data at  = 1 are presented. Approximation






Experiment R [TV] γ2     2=q
KASCADE 2390190 3.460.12 2.20.3 1.050.08 1.3
m  n = 24  5 2310220 3.450.12 1.80.2 0.690.05 3.0
AKENO 3150120 3.500.14 107.0 1.980.06 2.2
m  n = 20  3 2820110 3.500.31 10? 1.480.04 3.1
EAS-TOP 1450120 3.350.11 2.30.5 1.430.03 1.2
m  n = 24  5 1540205 3.350.20 1.40.3 1.150.04 0.5
ANI 2030245 3.470.18 2.10.5 1.070.02 0.8
m  n = 23  3 2230320 3.490.23 1.90.4 0.870.02 1.0
Unied data 2610710 3.470.23 1.30.2 - 1.7P
m  n = 369 3000650 3.490.30 1.20.1 - 2.3
Table 1: Rigidity (R), slope (γ2), "sharpness" (), shift (  ) and corresponding 2=q values
obtained by approximations of dierent EAS size spectra at QGSJET (upper rows) and SIBYLL
(lower rows) interaction models.
Model Ek(1)[TeV] Ek(4; 7) Ek(9− 23) Ek(24− 35) Ek(39− 59) 2U=q
QGSJET 3070160 79070 555060 631050 9020170 1.7
SIBYLL 315090 61030 606065 697040 978090 2.3
Table 2: Spectral parameters Ek(A) at dierent groups of primary nuclei and dierent interaction
models obtained by unied EAS size data at γ2 = 3:1 and  = 4:
where b = b1 at E0 < Ek and b = b2 at E0 > Ek, was chosen for the eective nucleus Aeff (E0).
In a last row of Table 3 the parameters of all-particle energy spectrum obtained by approximations
(6,7) of balloon and satellite data [1] at R ’ 600 TeV are presented. It is seen, that whereas
rigidity-dependent energy spectra (6,7) predicts the increase of Aeff with energy (b1; b2 > 0), the
results of minimization 2U for unied EAS size data point to the decrease of Aeff down to energy
Ek (b1 < 0).
From the above analyses follows that rigidity-dependent energy spectra can not explain the
obtained results of the ne structure of EAS size spectra [2, 3, 4, 5] in the knee region (Table 1 and
Fig. 1), the values of knee Ek(A = 1) for Hydrogen component (Table 2) and dependence of the
eective nucleus Aeff (E0) on primary energy before the knee (Ek) (Table 3). In this connection,
based on prediction [10] the primary energy spectra in approximation (6) have been added by a














where γ(p) = γ(p)1 at E0 < E
(p)
k and γ
(p) = γ2 at E0 > E
(p)
k .
New spectral parameters (p); γ(p); E(p)k and nucleon number A
(p) of the additional component
are considered as unknown and are determined together with parameters of rigidity-dependent
Model γ1 γ2 Ek [TeV] a b1 b2 2=q
QGSJET 2.720.01 3.050.03 2180110 1.710.14 -0.300.13 0.860.12 1.5
SIBYLL 2.790.02 3.090.02 3680230 10.51.00 -0.280.20 4.240.61 1.4
R=600TV 2.660.01 3.090.01 3400200 7.00.5 0.250.15 3.00.5 1.2
Table 3: Parameters of all-particle energy spectrum at QGSJET and SIBYLL models. The last row
corresponds to approximation of balloon and satellite data [1] with rigidity-dependent steepening
energy spectra at R = 600 TV.
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Experiment R [TV] E(p)k [TeV] 
(p)  106 γ2    2=q
KASCADE 19530 1960150 11.61.0 3.150.04 1.110.02 0.8
15020 182085 12.80.6 3.140.03 0.740.07 2.3
AKENO 290180 4240370 4.040.10 3.250.05 2.600.07 2.0
290210 3860310 4.590.16 3.240.03 1.860.02 3.0
EAS-TOP 390150 196030 6.080.10 3.160.02 1.430.01 1.1
15095 2110130 4.370.50 3.110.04 1.410.04 0.3
ANI 240130 2060145 6.800.80 3.090.03 1.140.07 0.5
16085 2050130 6.380.70 3.050.02 1.020.02 0.8
Unied data 39030 2030130 5.550.60 3.090.01 - 1.6P
m  n = 369 32215 2150100 4.920.35 3.080.01 - 2.2
Table 4: Spectral parameters taking into account the contribution of the additional proton com-
ponent.
energy spectra (6,7) by minimization 2 and 2U (4,5). The results of expected EAS size spectra
for each experiment (KASCADE, AKENO, EAS-TOP and ANI) taking into account contribution
of additional component (9) are shown in Fig. 1 (the thick solid lines by QGSJET model and the
thick dashed lines by SIBYLL model).
Values of slopes of the additional component before the knee turned out to be γ(p)1 ’ 1:50:60:2. The
nucleon number (composition) of this component with high reliability did not exceed of A(p) = 1 for
most of experiments especially at QGSJET interaction model (except from AKENO (A(p) ’ 56)).
The unied analyses of all experiments at QGSJET and SIBYLL interaction models also gave a
proton or neutron (A(p) = 1) composition of the additional component. The corresponding values
of other spectral parameters at given γ(p)1 = 1:5 and A
(p) = 1 are included in Table 4.













and corresponding energy spectra of 6 nuclear groups (  @=A=@E0) with additional component
(  @=Add=@E0) at normalization of KASCADE data ( = 1) are presented in Fig. 2. The upper
thick solid (dashed) line with error area is the all-particle energy spectrum obtained by unied
(only KASCADE) EAS size spectra. Symbols in Fig. 2 are the data from reviews [1, 11].
Conclusion
High statistical accuracy of experiments KASCADE, EAS-TOP, AKENO and ANI allowed to
obtain approximations of primary energy spectra and elemental composition with accuracy  15%
in the knee region. Obtained results show the evidence of QGSJET interaction model at least in
105−107 TeV energy range, rigidity-dependent steepening primary energy spectra at R ’ 200−400
TV and existence of the additional proton (or neutron) component with spectral power index
γ
(p)
1 ’ −1:5 before the knee E(p)k ’ 2000 TeV. The contribution of the additional proton (neutron)
component in all-particle energy spectrum turned out to be 20 5% at primary energy E0 = E(p)k .
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Figure 1: KASCADE, AKENO, EAS-TOP and ANI EAS size spectra (symbols). Thin (thick)
lines correspond to predictions by rigidity-dependent steepening primary spectra (with the addi-
tional proton (neutron) component). Solid (dashed) lines correspond to the QGSJET (SIBYLL)
interaction models.
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Figure 2: Primary energy spectra and elemental composition. Upper thick solid (dashed) line
with error area is the all-particle energy spectrum obtained by unied (only KASCADE) EAS size
spectra. Thin lines are energy spectra of dierent nuclear groups. A.c. solid thick line is energy
spectrum of the additional proton (neutron) component. Symbols are the data from reviews [1, 11].
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